Functional analysis
Sheet 3 — SS 21

Functional calculus and spectral theorem

1. Recall that, given a selfadjoint operator T' € L(H) and = € H, the spectral measure pu, fulfills
(f(T)x,z) = fNdpz, VY eH
o(T)
Compute the spectral measure p, in case
(a) T is a compact operator.
(b) T is the multiplication operator on L?[0, 1] by a smooth function g(x).
2. Suppose that selfadjoint operators A and B on a separable Hilbert space commute. Then for any
bounded Borel functions ¢ and 3 the operators ¢(A) and ¢ (B) commute.
3. Let A,, and A be selfadjoint operators on a separable Hilbert space H and f € C,(R).
(a) Suppose that A, — A in the operator norm. Prove that f(A4,) — f(A4) in the operator norm.
(b) Suppose that A,z — Az for all x € H. Prove that f(A4,)x — f(A)z for all vectors x € H.

4. Let A € L(H) be selfadjoint. Put Ey := E4((—o0,A]). Let Ao € o(A). Prove that

(a) Ao € 0y
())\060’6

(A) <= E\ /4 E), strongly when A 7 Ag.
(A) <= E\— E), strongly when A 7 \.
5. Let A€ L(H), A= A*. Consider the Schrodinger equation
10 = Ay,
For any ¢t € R define
U(t) := / e NAE(N)
J
where E(-) is the PVM of the operator A. Prove the following:

(a) U(t) is a l-parameter semigroup, unitary, strongly continuous, i.e.
U0)y=1, Ult+s)=Um0U(s), UG =00, Uls)yp = Ut

(b) For any % € H one has
UM —y L d
AV = = | VO

(¢) ¥(t) :=U(t)thp is the unique solution of the equation i0;1) = Ay with initial data .
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6. Multivariable Bounded Borel Functional Calculus. Let Aq,..., A, be selfadjoints bounded op-
erators on H pairwise commuting, i.e. [A;, A;] = 0 for any ¢,j, where [A,B] := AB — BA. Let
o:=0(A1) x---x 0(A,). There exists a unique map

O: By(o) = B(H)
f=@(f) = f(Ar, ..., An)
such that

(i) @ is a unital-*-algebra homeomorphism;

(i) [RHI < I f Mz o)
(111) if f(tl, ceey tn) = t7;7 then f(Al, ey An) = AL
)

(iv) if (fn)n is a bounded sequence in By(o) converging pointwise to f, then ®(f,) converges strongly

to @(f).

HiNT: follow the following steps:
o for any Borel subsets Q1,...,Q, of 0(4;),...,0(A,) consider the function on o

h(xy, - 2n) = 1o, (x1) -+ 1o, (Tn)
and put
h(Ax, ..., An) = 1g,(A1) - 1g, (An)
using Borel functional calculus. Verify that h(Aq,..., A,) is a orthogonal projection.

e If f is a simple function of the form

flxy,... xy) = chhk

with hy as above and having zero products, verify that

1f (AL, Al < 1Nl

e Use approximation arguments to extend to a genereal bounded borel function f(z1,...,z,)

7. Spectral theorem for normal operators. Let A € £(H) be a normal operator, i.e. A*A = AA*.

There exists a unique projection valued measure defined on the borelian sets of o(A) C C such that

A= / zdFE(z)
o(4)

A+ A* A—A*
=g o R
and check that Ay, Ay are selfadjoint commuting operators.
e Put E(M; x My) = E41(M;) E42(My) for any M, Mo Borel sets of R and show that one can extend
this to be a PVM on R2.

o If f is a Borelian function of R, show that

/Rf(/\k)dEAk(/\k): g FOw) dE(M, Xo), k=12

HINT: e Write A = A; + 14, with

Ay

8. Spectral theorem for unitary operators. Let U € L(H) be a unitary operator, i.e. U*U = UU* =

Id. There exists a unique projection valued measure defined on the borelian sets of [0, 27] so that

27
U= / et dB(t)
0
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